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SUMMARY

Short period P wave amplitude data from selected arrays and from
many stations contributing data to the ISC are analysed in terms of the
Gutenburg-Richter magnitude frequency relation Log N(m) =.a - bm. The data
confirm the validity of the relation for global seismicity in the magnitude range
4.0 <m, < 6.5. Over 40 determinations of b, each based on over 1000 amplitude
measurements indicate a mean global value of 0.98 % 0.02 and using the observed
numbers of moderate 5.75 < m,_< 6.05 earthquakes to determine a, global
seismicity is represented by the cumulative relation:-

Log Nc(mb) =7.77 - 0.98 m, .
This relationship indicates that for magnitude m, > 4.0 the mean annual count is

approximately 7900. This result is in good agreement with the average (7600) of
18 single station estimates of global seismicity.

1. INTRODUCTION

A knowledge of the number of earthquakes occurring both regionally
and globally is an important consideration in the assessment of the resources
required to monitor a Comprehensive Test Ban Treaty using seismological
methods. Of particular importance is the number of earthquakes with magnitude
(m,) of 4.0 and greater. This magnitude is near the detection threshold of the
most sensitive seismic stations operated to date and corresponds to explosions in
granite with yields of 1 to & ktons.

An obvious way to estimate the number of earthquakes as a function
of magnitude is to count those with magnitude and location determined by the
International Seismological Centre (ISC), perhaps the most complete data source
available. Figure 1 shows the global determinations of the ISC for the period
1964 to 1980 inclusive,plotted as a magnitude-frequency plot with intervals of
0.1 m_ units. In the magnitude range 5.3 mb\< 6.2 the data appear to follow a
linear magnitude frequency law:-

Log, (N = a~bm oo (1)
where here
Log, (N = 9.81-1.44 m_ eee (2)

with N equal to the number of events with magnitude m, + 0.05.




Figure 1 also shows a similar plot for earthquakes within the "Soviet Bloc" (for
definition see appendix A). Here the linear portion covers the range
5.0 € m, < 6.2 and has the form:-

Log N = 7-54—1.23 m.b co e (3)

The "roll off" in numbers at low magnitudes is well known and results
from the finite detection threshold for the world network submitting data to the
ISC. Estimation of the numbers of earthquakes below m,_ 5.0 therefore involves
extrapolation of the linear relation (1). For the interval relations (2) and (3) the
corresponding cumulative forms are:-

LOg NC 10029 - 1'44 m.b LI (4)

Log N, = 8.08 - 1.23 m eee (5)
where N _ is the annual cumulative number with magnitude> m_. If we
extrapola%e these curves down to m_ = 3.95 (corresponding to m_ = 4.0 as

normally rounded) relations (4) and (5) give 40 000 and 1700 earthquakes annually
for the world and Soviet Bloc respectively.

Systematic bias in the magnitudes obtained by simple network
averaging as used by the ISC are now known to exist (eg, Ringdal (1,2),
von Seggern and Blandford (3), von Seggern and Rivers (4)). This bias results from
the truncation of the amplitude readings used to compute the mean (network)
magnitude arising from non-detections at low magnitudes or saturated or clipped
readings removed for high magnitudes. The overall result of this is a +ve bias at
low magnitudes and a -ve bias at high magnitudes (m_> 6.0) eg, von Seggern and
Rivers (4). Unrealistically high activity in terms of the numbers of low magnitude
earthquakes are thus obtained by downward extrapolation of equations (2-5).

Two different approaches can be used to solve the problem of
network bias in the context of global seismicity estimation. A direct solution is
to recompute the ISC magnitudes using a technique which allows for the
truncation of data, as described by Ringdal (1). An alternative solution which
circumvents the problem of network bias is to use amplitude data from individual
stations to give "unbiased" estimates of a and b in equation (1). The remainder of
this report concerns the latter but hopefully will complement the conclusions
obtained from a recomputation of ISC magnitudes when they become available.

2. SEISMICITY ESTIMATION USING SINGLE STATION DATA

2.1 General considerations

Magnitudes determined by a single station can be used to construct
magnitude frequency distributions and hence estimate a and b. Since the
magnitudes will not be influenced by network averaging, the b value, clearly
important if extrapolation is required, is unbiased (von Seggern and Blandford (3)),
The "activity" constant a, requires correction however as demonstrated by
von Seggern and Blandford (3). The correction is:-




(3

[}

§a= —b(l.lecrs2 + C) ee. (6)

where o® is the variance of the station magnitude estimates about the true
value. The factor 1.15bo_2 accounts for the net "spill over" from the more
frequent smaller events towards larger magnitudes arising from o¢. Typically o
= 0.3 to 0.4 m, units, so for b = .0, a is reduced by about 0.15%and predicte
seismicity by 30%. The station correction C accounts for the sub-station crustal
response and attenuation. Typically C ranges between #0.3 m,_ units which would
influence seismicity estimates by a factor of 2 either way. lpinally a correction
to a, not given in (6), must be applied to account for the fraction of the globe not
effectively sampled by the station, ie, the core shadow. Clearly the effect of
errors in a on seismicity counts using single stations can be large and therefore
the results presented here concentrate on the accurate determination of b.

2.2 Advantages of the use of amplitudes over magnitudes

An important consideration in the determination of b is whether
frequency distributions are constructed using the raw amplitude data or in terms
of magnitudes m,_. Short period body wave magnitudes (m ) are computed from
the measured ground amplitude A (microns) and period T (s) using the relation:-

m = Loglo-% + Q(A,h) oo (7)

where Q(A ,h) is the Gutenburg and Richter (5) distance ( A ) and focal depth (h)
correction factor. Clearly if the earthquakes come from a region of limited
spatial extent Q(A,h) is constant and the observed magnitude-frequency and
amplitude-frequency distribution are the same apart from a factor Q(A,h)
subtracted from a. (Note: Here gnd elsewhere in this report the word amplitude
has been used to denote Log, , T ). If the seismicity is from an extended region
with Q(A,h) varying, provided b is constant, the use of amplitude instead of
magnitude still conserves b in the frequency distribution, although the signific-
ance of a in terms of seismicity is obscured. The use of amplitudes instead of
magnitudes in the determination of b values has two advantages. Since it is not
necessary to compute Q(A,h) from the distance and depth of the earthquakes it is
possible to use the full set of observations from sensitive stations, including data
from sources too small to be located by the ISC. Variation of Q(A,h) also means
that the detection threshold in terms of m _ at a station is region dependent. This
variation inevitably broadens the "roll offb region of the frequency distributions
and restricts or may even remove the linear section.

2.3 Advantage of joint estimation of seismicity and detection threshold

Even when amplitudes are used, determination of a and b alone
involves the difficult and subjective decision concerning the linear range of the
observed distribution. Truncation of the data below the assumed "100%"
detection level also removes much useful data concerning the magnitude
frequency low at small magnitudes. Kelly and Lacoss (6) have described joint
estimation technique which avoids this by determining a and b together with
parameters concerned with the detection threshold.




The method assumes a specific form for the frequency distribution of amplitudes
near the threshold however, and may not be appropriate when the "roll off" is
complicated by variation in Q(A,h) when magnitudes are used or where low
amplitude readings are removed because of non-association with locatable
events, as in data published by the ISC. Nevertheless some results obtained using
joint estimation are presented below since they provide confirmation on the
applicability of the frequency law over the widest range of amplitudes and are
also a check on the results obtained using data sets such as that from the ISC
where selection by association has been performed.

2.4 Joint estimation of detection threshold and seismicity

2.4.1 Introduction

A procedure described by Kelly and Lacoss (6) enables the joint
estimation of the seismicity constants a and b together with the (50%) detection
threshold Mand its standard deviation . A full description of this method and
some modifications made for use here is given in appendix B. The data required
are the complete set of amplitude observations whether associated with known
(ie, located) sources or not. Three sources of data were chosen which in general
detect many events not located by the ISC. These sources are:-

(1) The large aperture NORSAR array (NAO,NB2)

(2) The medium aperture arrays Warramunga (WRA), Australia,
Gauribidanur (GBA), India and Eskdalemuir (EKA), Scotland.

(3) The small aperture VELA uniform arrays BMO, CPO, TFO, UBO
and WMO.

2.4.2 NORSAR data

Amplitude data for the NORSAR array were obtained on magnetic
tape. Prior to 1976 the array operated with a full aperture of 120 km (code NAO)
but since that date it has operated with a reduced aperture of 60 km, (usually
code NB2) and two representative sets of data have therefore been analysed.
The amplitude frequency data and fitted curves are in figure 2. For both sets
good fits indicate that both the magnitude frequency law and the form of the
curve near the detection threshold are appropriate over a range of amplitudes
from near 2.5 down to 0.0 or less (equivalent to m_= 4.0 to 6.5 at teleseismic
distances). For NAO no amplitude was reported if any of the array elements were
overloaded which results in a rather sudden truncation of the data above
amplitudes of 2.3. In contrast a single element low gain instrument is used to
measure the larger amplitudes at NB2, so only the lower amplitude data have
been subject to array summing. This may account for the somewhat irrregular
variation about the linear section. Estimated b values are both low (0.83 to 0.88,
see table 1) and for NAO is in good agreement to the value 0.83 found by Bungum
and Husebye (7) based on | years data.




2.4.3 EKA, GBA, WRA arrays

Amplitude data for these arrays are for arrivals detected and
measured by automatic processors (Key, Lea and Douglas (8)) installed at each
station. As with NORSAR the fitted curves are a good approximation to the data
apart from some data loss at high amplitudes caused by overloading at the more
sensitive GBA and WRA arrays (figure 2). Taking the data as a whole, the
amplitude-frequency law and the form of the threshold, suggested by Kelly and
Lacoss (6) are confirmed for the amplitude range 3.0 (see EKA) to near 0.0 (see
WRA). The b values, given in table 1, are again less than 1.0 except for EKA
(1.15) which is based on a rather small sample of amplitudes.

2.4.4 VELA arrays

The VELA arrays operated from the early 1960's to the early 1970's
and had a considerable impact on the seismic-event-detection capability of the
world network. Arrival time readings, amplitude and period data are published in
bulletins, where association of readings with known located earthquakes is made.
Non-associated readings are classified as local, regional or teleseismic
(A >15.5°) on the basis of the characteristics of the observed waveform.
Amplitude data for all teleseismic earthquakes, associated or not, were
extracted from the published bulletins for the year 1966. This year is well into
the full operational period of the arrays and is free from major aftershock-
sequences, otherwise the choice is arbitrary. With the exception of BMO, joint
determination of seismicity and threshold parameters gives unsatisfactory results
(figure 3) the assumed form of the curves near the thresholds is clearly
inappropriate. The excess numbers near the thresholds are presumably false
identifications at or near the noise level. Revised b values in table 1 are based on
fits to the linear sections alone which are typically from amplitudes in the range
1.0 to 2.5. The values range from 1.05 to 1.15 and compare with a value of 0.93
obtained by Chinnery (9) from ISC event assoicated readings for the period 1966
to 1970.

2.4.5 Discussion

The b values obtained from these arrays (table 1) suggest that the
average global b value based on ISC mean magnitudes is biased 0.36 to 0.6 units
high. Scatter in the b values (0.83 to 1.15) will be in part statistical (see appendix
B) but some significant variation could be present. The cause of such variation is
not investigated here but may be the result of subtle combinations of the
spectral-magnitude-scaling law for the earthquakes with either the instrument
response or substation structural response, or with arrays could result from
beamforming loss. These data confirm that the amplitude-frequency distribution
in linear over a wide range (0.0 to 2.5) which for the predominently teleseismic
arrivals correspond to magnitudes in the range 4.0 < m_< 6.5. Alternative b
values computed using the assumed linear section are (%part from the VELA
arrays) in good agreement with the joint analyses and have a mean value of 1.05.




2.5 Estimation of single station b values using ISC data

2.5.1 Introduction

The variation in b values found in the previous section has fairly wide
limits and it is clearly desirable to use data from a larger suite of stations from
other regions. Amplitude data obtainable on ISC bulletin tapes have proved to be
a useful source of such data. To be useful stations must be sensitive enough
and/or have submitted data for long enough to give sufficient amplitudes to
enable stable b value estimates. In addition it is important that the threshold for
the measurement and submission of amplitude should be as constant as possible
since any variation obscures the start of the linear part of the frequency
distributions. The removal of amplitude readings for non-associated earthquakes
may distort the frequency distribution near the threshold, especially for the most
sensitive stations. Joint analysis of the frequency distribution as described in the
previous section was therefore not undertaken, instead, it was replaced by the
simplified fit to the linear region even though this invokes the decision
concerning the linear range discussed above.

2.5.2 Selection of data

ISC data for the period 1970 to 1981 inclusive for a large number of
stations were first examined on a monthly basis in terms of the total number and
minimum of the amplitudes reported. Only data in the distance range 21 to 100
were considered, so as to be consistent with the range used in the ISC's own
magnitude estimates. This examination isolated the time periods in which the ISC
was regularly receiving data and any substantial periods of station "down-time".
Changes, both short and long term, in the monthly counts frequently correlated
with the minimum amplitudes and suggest variation in sensitivity and station
procedures. Data from within time periods showing large variation in effective
station performance were deleted from further analysis. Finally, only stations
which had at least 250 readings on the observed linear part of the frequency
distribution were used which ideally should give b determinations accurate
to #0.2 or better at the 95% level (see appendix C).

2.5.3 Results

The locations of the earthquakes have been determined for the ISC
data and so analysis in terms of magnitude rather than amplitude is possible with
the estimates of a, interpretable in terms of seismicity. Variation of the
distance factor Q(A,h) on the range 20 to 100~ is considerable however and so
analysis was again made in terms of amplitudes in order to optimise the
determination of b.

Altogether data from 88 stations were processed using methods
suggested by Page (10) and Bender (11) to determine the constants a and b. The
full results are shown in table 2. As expected (see appendix C) results for the two
methods agreed. To illustrate the quality of the linear fits the frequency
distributions for those stations contributing over 1000 amplitudes to the b value
determinations are reproduced in figure 4. The lower limit on the amplitude
range used to determine a and b was chosen carefully to be on the linear section.
Exact choice of the upper limit was found to be less critical using the maximum
likelihood method but was made high enough to give a total amplitude range of
1.0 unit or more. Assuming no systematic errors, confidence limits for these
determinations should all be less than 0.1 at the 95% level (appendix C).




The frequency distribution of the full 88 determinations of b is shown
in figure 5 and also for the subset containing only those based on more than 1000
amplitude readings. Both sets have a modal value of b = 1.0. The full set has a
mean of 1.06, while for the subset the mean is 0.98. A clear skewness in the full
distribution is not present in the subset because of the elimination of the
determinations mainly from two networks of stations in France and French
Polynesia which represent some 20% of the total. Without more detailed
information with respect to the instrument responses, overload levels and
procedure for selecting data sent to the ISC, the reason for these high b values
for French stations remains obscure. It is clear however, that these data have a
disproportionate weight and therefore the subset containing the more accurately
determined b values is regarded as more representative globally. The standard
deviation of the b value distribution of the latter is £ 0.10, twice that which
might be expected from the statistical variation of the estimates (appendix C).
The confidence limits are however based on idealised data and scatter using real
data will inevitably be greater. The data does not permit the demonstration of
any convincing correlations of b either with station correction or region.

3. WORLD AND SOVIET SEISMICITY ESTIMATES

3.1 Extrapolation of ISC magnitude statistics

Results described above suggest that global seismicity in terms of m
can be described by a linear-magnitude-frequency law (1) in the approximate
range 4.0 ¢ m_< 6.5 with a mean b value of 0.98 * 0.02. Global estimates of
earthquake numbers as a function of m, can therefore be found provided we have
an unbiased estimate of the activity constant a. Such an estimate can be
obtained from ISC magnitudes in the range where network truncation effects
lead to minimum bias in computed magnitudes.

The bias introduced to magnitude determinations resulting from
truncation of data at noisy stations must decrease with increasing m . For the
ISC data the majority (but not ,all) of stations appear to have near 100%
detection above amplitudes (Log =) of 1.5 (see table 2 giving lower limit of
ranges used for b value estimation). Assuming the Gutenburg-Richter (1956)
distance factors for shallow events, this is equivalent to m, values of 4.6 to 6.0
in the distance range 21 to 100° as used by the ISC. anortunately above
magnitude (mb) 6.1, the network bias resulting from the problem of overloaded
records becomes manifest (see figure 1 and also von Seggern and Rivers (4)). A
compromise solution is to use earthquake counts in the range 5.8 to 6.0 inclusive
(in reality 5.75 to 6.05) which will have the minimum bias and yet have enough
events distributed globally to give a reasonably accurate value for a.

For the 17 years 1964 to 1981 inclusive the ISC reported 1147
earthquakes with magnitudes between 5.75 and 6.05. Assuming b= 0.98, a
representative figure considering the observed distribution and scatter described
in the previous section, the global annual seismicity can be described by:-

LogloNC = 7177 - 0.98 In-b s (8)




where N is the cumulative number of earthquakes with magnitude >
annually. Cl'hls relation gives a total of approximately 7900 earthquakes w1tR
m, > 4.0 (3.95) annually.

It is also possible, assuming the b value is appropriate regionally, to
use the ISC activity between m,_ 5.75 to 6.05 to determine regional values for a.
For the Soviet Bloc (as defined in appendix A) there were 103 such earthquakes in
the 17 years and this gives the cumulative distribution:-

indicating approximately 720 earthquakes annually. This is dominated by activity
in the Kamchatka-Kuriles region with most activity located beneath the ocean.
Excluding this region there were only 31 earthquakes in the desired magnitude
range and so for the main Soviet Bloc land mass we have:-

LogloNC = 6-21 - 0.98 m.b ) (10)

resulting in approximately 210 m_> 4.0 earthquakes annually. Table 3 summarises
the seismicity statistics outlined in this section.

The accuracy of these estimates depends on the assumption that the
ISC magnitudes in the range 5.8 to 6.0 are unbiased, the validity of the value 0.98
for b and any statistical variation on the seismicity counts used to determine a.
The latter can become significant for regions of relatively low activity (see table
3) but for the global seismicity the effect of an error in b is the dominant factor.
Assuming the mean b of 0.98 is unbiased with standard error * 0.02 the
corresponding range in the global my > 4.0 seismicity is 7400 to 8500.

3.2 Individual station estimates of global seismicity

A check on the predictions of equation &, totally independent of ISC
magnitudes, is obtainable from sjingle-station- magnitude frequency distributions
(which use m_ rather than Log ) as outlined in section 2.1. If only data from
the teleseismic range A = 30 to 98- are used the deleterious effect of variation in
the distance correction Q(A,h) on the identification of the linear section of the
distributions is minimal. This range restriction however, results in a drop in the
number of contributing amplitudes and the analysis was restricted to 18 stations,
with over 1000 readings remaining, mainly in Europe and North America. Results
are given in table %4, The a values, which are given for the cumulative counts are
corrected according to equation (6) and also to account for the percentage of
world seismicity in the distance range (30 to 90 ©) used. The full correction to a is
then:-

a_ = a-b(1.15b0%4C) - Log, oF,, ... (11)

10




where the term in brackets is equation (6) and F.. is the fraction of global
seismicity in the teleseismic range. Values of F.. in table 4 are derived from the
fraction of all large (5.8 ¢ m, < 6.0) earthquakes observed by the ISC in the
distance range A= 30 to 90°. gtation corrections C and magnitude variance o?

are taken from North ( 12 ). In the last column (Nw) gives the estimates of global
m, 2> 4.0 (3.95) seismicity from the individual station a_ and b values. The values
have a mean of 7600 * 700 and a standard deviation of 3000. True numbers must
be somewhat higher because no corrections are available for station "down-time".
This result is in reasonable agreement with that of the previous section
concerning global earthquake numbers.

4. CONCLUSIONS

Global seismicity measured on the short-period body-wave scale can
be represented by the cumulative distribution:-

LogyoN, = 7.77 - 0.98 m .o (12)

and is applicable in the range 4.0 < m,_< 6.5 at least. Extrapolation of the
distribution indicates approximately 7900 m, > 4.0 (3.95) earthquakes annually.
Individual station estimates of seismicity é)onfirm this figure. For the Soviet
Union including the Kurile-Kamchatka region some 720 such earthquakes occur
annually. Excluding the active Kurile-Kamchatka region however, the number of
events with my 2 4.0 is approximately 210.
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APPENDIX A

DEFINITION OF SOVIET BLOC

The Soviet Bloc here was defined by the Flinn and Engdahl (13),
region numbers which include the Soviet Union and border regions and also
regions normally regarded as in the Soviet "sphere of influence" (ie, Eastern
Europe). East Germany is not included as it has not been separately regionalised
and does not include any large earthquakes.

The region numbers are:-

4,217, 218, 219, 220, 221, 320, 326, 327, 328, 329, 330, 331, 333,

334, 335, 336, 337, 338, 339, 340, 341, 342, 344, 349, 350, 357, 358,

359, 360, 361, 362, 363, 367, 383, 391, 392, 547, 548, 549, 645,

648, 649, 650, 653, 656, 657, 661, 662, 663, 668, 670, 671, 709,

713,714,715,716,717,718, 719,721,722, 723,724,725, 726.

The regions are delineated in figure 6.
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APPENDIX B

COMPUTATION OF SEISMICITY AND THRESHOLD PARAMETERS

A2.l Introduction

Three methods for estimating the seismicity parameters a and b in
equation (1) and the station detection thresholds are used in this report. These
have been published by Page (10), Kelly and Lacoss (6) and Bender (11). The
latter assumes that the magnitude data are grouped into discrete intervals and a
full description is given in the paper. The Page (10) and Kelly and Lacoss (6)
methods assume a continuous magnitude distribution. Some changes in the latter
are required to take account of a possible upper limit on observed magnitudes not
considered in the original theory. This appendix outlines the theory of the Kelly
and Lacoss (6) method incorporating these modifications. The Page method is
derived as a special case of this theory.

A2.2 General forms of the likelihood equation for continuous magnitudes

Assume that the observed magnitudes are from a population following
the standard magnitude frequency law:-

N(m) = 10¢27>™) eee (13)
or

N(m) = e (0~Bm) eee (14)
where

o=a Loge(lo)

B=>» Loge(IO).

N(m) = number of earthquakes per annum with magnitude m (per
unit magnitude).

Let the probability that an earthquake of magnitude m is detected
and magnitude measured be described by a function D(m) of m. In general D(m)
will involve further parameters yet to be specified. From (14) the number of
observed magnitudes is therefore:-

N(m) = D(m)e (%P e (15)

If the observed magnitudes have an upper limit M then the average total
. =L max
number of observed magnitudes N is given by:-

M
max

J' D(m)e (G—Bm)dm, ee. (16)

-~ 0O

=l
]

13




The probability that an observed magnitude has a value m is given by the
probability density function f(m) which from (15) and (16) is:-

(o-Bm)
f(m) = Dime _ : e (17)
N

Suppose the total observed number of magnitudes is K each with magnitude m.. If
K is p01sson distributed with rate N then the probability of observing exactly K
magnitudes is:~

X -N

p(K) = N K‘; . ee. (18)

Hence the overall probability P(K,m,...m ) of observing K magnitudes with
magnitudes m; is the product of probabilities given by (17) and (18)

ie,
p(Km coem) -p(K)-,——|— f(m) eee (19)
i=1
Substituting (17) and (18) into (19)

-N .
=K (a-Bm,)
P(K,ml....mK) = -I%_!- -]|'——|— D(mi)e my ... (20)

i=1
Taking logs of both sides we get the likelihood equation
i=K i=K
L = -N-LogK! + Ko =~ B ) m, + ¥ Log(D(mi)) oo (21)
i=1 i=1
where L is the likelihood.

Maximum likelihood estimates can be found by maximising L for
as@ and any parameters not yet specified in D(m).

For a turning point

dL

LR

Hence from (21)

_.g_g+K_O ---(22)

14




but from (16)

N

.a_a. = N’ e a0 (23)
Hence (22) gives
K = ﬁ R soe (24)

The maximum likelihood solution is obtained when the predicted count N is set

equal to the observed count K (a well known result irrespective of the form of
D(m)).

Substituting (24) into (16) and rearranging:-

M
ma

x (~Bm)
[ IR LOgK - LOg ( f D(m) m dm) . s e (25)
- o0
From (24) and (25) we can now eliminate from the likelihood equation (21),
M i=K i=K
max ~gm
L = -K-Logk! + KLogK - KLog ( [ dm) -8 ] m; + ] Log(d(m)).
© i=1 i=1
LN 4 (26)

To proceed further it is now necessary to specify the form of D(m).

A2.3 Derivation of Page formula

Determination of B from the observed linear part of the magnutide
frequency is equivalent to assuming D(m) has the simple form:-

D(m) = 1.0 for M. €£€m<M (total detection) oo (27
min max

D(m)

0.0 elsewhere (ie, no data used)

The likelihood (26) is now a function of B only.
M i=K
max oo
L = -K-LogK! + KLogK - KLog ( I e dm) -B 2 m, ... (28)
M. i

1=1
min

-gM , -BM i=K
L = -K-LogK! + KLogK - KLog ( < s )-8 1 m cee (29)
i=1

15




o

At turning points

oL _
3 - O

Therefore from (29)

~8M -BM .
K (M max _ mln) i =K
max min X
e—BM —BM + —B’ - z mi = 0, es e (30)
min max -
e -e i=1
hence
1 ( Mmin —Mmax o —B(Mmax - Mmin))
77 < m > = - oo (31)
B 1-e B(]'vlmax - Mmin)

where < m > is the mean magnitude(M_. <€m <M __ ).
min max
Equation (31) is the Page (10) formula and can be solved numerically for B given

observed <m >, Mmax and Mmin'a can then be obtained from (25) with the

assumed form of D(m) (27).

—BMmin _ —BMmax
o = LogK - Log( & Be ) oo (32)
A2.b Inclusion of detection threshold parameters

The form of the detection probability D(m) used by Kelly and Lacosse
is:~

m-u
l — 2
D(m,p,0) = [ =y, ee. (33)
Y2m0 -~ © 20?

The probability is therefore near zero for small m, equals 0.5 for m=u and tends
to unity for large m. Hence the detection capability is determined by the 50%
threshold pand the variance o2,

Substituting (33) into the likelihood equation (26):-

i=K i=K
max

L = -K-LogK!+KLogk-KLog ( f D(m,u,o)e'emdm) ) m, + ) Log(p(m,,u0)),

-0 i_=]_ i=1

... (34)
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at turning points

oL _
B - 0
hence
maxD(m,u,O)me—Bmdm
- ® -<m>=0’ s e (35)
Mmax -Bm }
i) D(m,u,0)e = dm
- 00
where

i=K
_ 1 .
<m > = e z m. the mean magnitude,

i=1

Similarly two further equations can be obtained by differentiating with respect
to pand o but since the equations become intractable the following numerical
procedure has been found sufficient. Starting with approximations to u and
o compute B by solving equation (35) numerically. Substitute 8 into (34) and
maximise the likelihood numerically for variation of u ando. Using new p and o
recompute B and iterate. After convergence a is obtained from (25). It is worth
noting that equations (25), (34), and (35) are equivalent to (38), (39) and (45a) in
Kelly and Lacoss (6) where the assumption of infinite M enables direct
evaluation of the integrals. max
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APPENDIX C

CONFIDENCE LIMITS ON b VALUE ESTIMATES

The problem of assigning confidence limits on estimated b values is
discussed elsewhere in the literature (eg, Aki (14), Utsu (15), Weichert (16)). In a
more recent paper Bender (l1), has investigated both confidence limits and the
problem of bias introduced on b values computed using a range of commonly used
methods. Following Bender (11), tests using simulated data are used here to
check the techniques employed for any bias present and also obtain the
distribution of estimated b values.

Two maximum likelihood formulae were used to estimate b in this
report from the linear sections of the observed magnitude frequency distribu-
tions. The Page (10) formula described in appendix B assumes that the data is
from a continuous distribution within a magnitude range Mmax to Mmin' The

other formula used is described fully by Bender (11) and assumes that the data
from the continuous parent population has been grouped into discrete magnitude
intervals. For the ISC data where amplitudes and periods are either given

separately or more frequently as Log(%) rounded to the nearest 0.1 unit, either
method may be appropriate for use on the resulting magnitude data.

To test both methods simulated sets of data grouped at 0.l unit
magnitude intervals were generated from a parent population following the
continuous magnitude frequency distribution with b=1.0. The range of magnitudes

Mmax -Mmin was assumed to be either 1.l and 2.5 representing the observed

upper and lower limits for real data. Sets of 1000 simulations were made for
sample sizes varying from 80 to 5000 and from the resulting distribution of b
values, the mean, median and 95% confidence bounds on b computed.

For both methods the resulting mean and median b values differed
from 1.0 by less than 1% indicating that any bias present in the results
introduced by the analysis method can be neglected. Figure 7 shows the 95%
confidence bounds as a function of sample size for data from the limited (Mm -

ax
Mmin = 1.1) magnitude range and also the maximum (Mmax~Mmin = 2.5) likely to

be observed. It is clear that large sample sizes are required for accurate b value
determinations. At least 250 observations are required to achieve 0.2 accuracy
at the 95% level 800 or more observations are needed to achieve +0.l.
Simulations assuming a population b value of 0.75 and 1.25 give similar results.
As indicated by Bender (11) the error limits for the same sample size are reduced

if the data is from a wider range of magnitudes and for the range Mmax—

Mmin = 2.5 the results (figure 7) approximate the formula proposed by Aki (14),

ob=b//N_

for the standard deviation of estimates of b from a sample of size N with

unlimited upper magnitude (ie, Mmax~Mmin = ),
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TABLE 1

Summary of results of analysis of the full amplitude (Logé) data for
selected array stations. The first line for each array gives the
parameters determined by the method of Kelly and Lacoss (6) with the
50% threshold u, standard deviation g and the seismicity parameters
a and b. On the second line are the results using the Page (10)
formula to the assumed linear sections (see figures 2 and 3).

Annual Amplitude

TIME PERIOD Number 50% Standard Seismicity, Range

Dates (Day,Month,Year) Amplitudes Threshold, Deviation, 0.1 m interval . o
From To Years Used u o a b Curve Fits

NAO 010671 311273 2,58 « 111;;(?) o:ou 0:22 ggg 82; -8:2 ;g
NB2 010178 311281 4.00 4 %’;}, 0:22 0:24 ;Zg ggﬁ —8:2 gg
FKA 011081 310683 1.70 < 1§gz 1:04 0:28 ggg };2 g:é 28
GBA 010479 310683 4,08 e 12552 0:59 0126 gig 8?3; -gg g;
WRA 010181 311282 1.77 < 28225; 0:26 0:19 ;gz 8811. -8:2 ;g
BMO 010166 311266 1.0 < 3222 0:22 0:18 ;:lLi igi -8:; gl;
CPO 010166 311266 1.0 < 5232 0252 0:15 (L;:%) ClL:%) -C{g gﬁ
TFO 010166 311266 1.00 < 12(;25 -o:oh 0118 (;?;) (?_L:L(%) -(1):8 ;Z
UBO 010166 311266 1.00 < 11232 0:15 0:17 (222(6)) (:;:52) -?:éi gﬁ
WMO 010166 311266 1.00 < 8331; 0:30 0:15 (;:(L)g) (.‘i:?g) -gzi gi
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TABLE 2

0.1 interval b and a values obtained from ISC amplitude. (Log é) data
compl:%ed using the methods of Page (10) and Bender (11). The rangé of
amplitudes over which the fits were made as well as the number of
amplitudes within the range are also given.

e Page (1968 Bender (1983) Linear Range No. Log,%
Station b a b a of Loglo(_‘%.) Values Used
ALE 0.89 2.82 0.90 2.8% 2.45 1.35 1330
AIRQ 0.99 2.94 0.99 2.92 235 1.h45 1205
ASP 0.68 2.91 0.69 2.93 2.65 1.65 1595
AVF 1.h42 2.h9 1.4% 2,51 2.75 1.25 671
BKS 1.04 3,43 1.06 245 2495 1.85 852
BMO 0.95 2,02 0.95 3,02 2.95 1.0% 2508
BNG 1.08 3.06 1.09 3,07 235 1.15 2960
BRG 1.03 3,11 1.04 2,12 2.75 1.35 2059
BSF 1.47 3.56 1.48 3.59 2.65 1.55 391
BUL 1.15 3.16 1.15 3,18 2455 1.35 1798
COF 1.09 2.84 1.08 2.8k 235 1.25 715
CHG 0.75 2.98 0.76 2.99 2.55 1.55 1034
CIR 1.%2 3,1k 1.33 3.16 2.75 1.35 735
CIK 1.28 2.01 1.20 3,04 2.35 1.25 740
CLL 1.0% 3,26 1.03 3.27 295 1.65 1767
CoL 0.88 3.11 0.87 2,11 2.55 1.35 45ho
CFO 0.88 2.92 0.87 2.90 2.75 1.45 1123
DAG 1.06 2,32 1.07 3433 2.65 1.45 2075
DIX 1.0% 2.9k 1.0k 2.97 2.45 1.45 505
DUG 1.03 2.98 1.03 2.99 2.35 1.35 1207
EDM 1.03% 3,46 1.04 3,47 3.05 1.95 129%
EKA 1.05 3.11 1.05 3412 2.65 1.55 897
EUR 0.96 2.96 0.97 2.96 2.35 1.15 2541
FBA 1.18 3,50 1.18 3451 2.55 1.55 488
FFC 1.0k 3.28 1.0k 3,28 2.45 1.35 2417
FIN 1.35 3.55 1.36 3.57 2.65 1.55 557
FUR 1.28 3.88 1.31 3,94 2.65 1.85 896
GBA 1.05 3.28 1.05 3.28 2.45 1.45 595
GIL 1.05 3.4k 1.05 3 Lk 2.65 1.55 2161
GOL 0.89 2.69 0.89 2.68 2435 1.25 1551
GRF 1.11 3,46 1.11 3,46 2.85 1.85 1080
GRR 1.35 3,59 1.35 3.60 2.95 1.55 636
HAU 1.06 2.87 1.06 2.87 2.45 1.35 652
HFS 1.01 3.39 1.01 3.40 2.55 1.35 4189
HYB 1.00 3.5% 1.00 35k 3,05 2.05 1459
INK 0.94 3,17 0.95 2.20 2.65 1.85 1211
KEV 0.99 2,07 1.00 2,07 3,05 1.65 134k
KHC 0.98 3,07 0.99 3,09 2.75 1.65 1321
KJF 1.20 3.7h 1.21 3.76 2.75 1.45 3802
KRA 1.15 3,64 1.16 34,66 2.75 1.75 1766
KRI 1.09 2.81 1.10 2.82 2,45 1.05 573%
KRR 1.15 2.86 1.16 2.89 2.35 1.25 656
KTG 0.94 291 0.97 2.96 2.45 1.65 820
LAO 0.97 3.25 0.97 3426 2455 1.05 3625
LBF 1.51 344 1.52 3.46 2.35 1.25 625
LEM 1.02 3.45 1.04 3,49 2.65 1.65 93k
1OR 1.06 2.07 1.06 2.07 275 1.35 2041
LFF 1.26 2.3k 1.26 3435 2.75 1.35 934
LON 0.95 2.75 0.96 2.77 2435 1.45 1005
LSF 1.86 4,16 1.87 4,18 275 1l.45 b1s
LPO 1.18 3.11 1.19 3.1% 2.65 1.45 546
MAT 1.05 2.51 1.06 2,52 2.05 1.65 1141
MBC 0.93% 3.21 0.93 3.21 235 1.15 4825
MFF 1.37 3.51 1.36 3,50 2455 1.55 L61
MOX 1.05 3.21 1.06 2,22 2.75 1.35 2971
MTD 1.16 2.95 1.18 2.97 2.45 1.45 Lol
NAO 0.81 2.86 0.82 2.86 2435 1.05 2285




(Continued)

TABLE 2

A
ged

Values U

No. Lo

D

Linear Ran

Bender (1983)
b

Page (1968)

Station

of Loglo(

22




TABLE 3

ISC seismicity in terms of numbers having magnitudes
6.0 for the period 1964 to 1980 inclusive, for the wo;?%
Union. The values of a (in terms of cumulative numbers) have been
computed using these numbers assuming a b value of 0.98. Predicted
cumulative counts are based on these a and b values and are for

magnitudes as normally rounded to 0.1 my unit,

World
Soviet Union
Soviet Union

Less Kurile-
Kamchatka

5.8, 5.9 and

and Soviet

i C Cumulative
SC 8 -
15 oelsmlc%ty for Magnitude Predicted Annual
Number with - "
.75 _m o 6.05 _“requency Earthquake Counts
St Tp=r Distributions
( (_ l{— O A [ ¢ .r 7 L4 >/‘ L3 )
1964-8 nnually a, b bz} 5 m, 7 4,0 % 4,5
1147434 674542 7.77 0.98 24500 7900 2600
103+10 6.1+0.6 6.7% 0.98 2200 720 230
21+6 1.8+0.3 6.21 0.98 660 210 70
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L4

Station

BMO
BNG
BRG
COL
DAG
EUR
FFC
GIL
HFS
KJ¥
1AC
IOR
MBC
MOX
NAC
NUR

RES -

TUL

Number of
Amplitudes

1321
1715
1248
2623
1296
1841
1708
1206
2998
2353
2063
123k
3803
1803
1458
1376
1620
1137

TABLE 4

Individual station estimates of global seismicity as determined by

numbers of earthquakes with > 4.0, Values of C, 0, F

are used

to correct the raw a values to give a, in terms of global seismicity

using equation (11).

% of
. Station Seismicity
Lln?ar Range Correction, o in Range v E
ior mw, C A = 30_900 alue
Fa
4,95-6.95 -0.29 0.35 0.45 1.02
5.05-6.25 -0.07 0.50 0.21 1.12
5.25-6.65 -0,11 0.26 0.38 1.08
5.25-6.45 0.01 0.33 0.66 0.99
5¢35-6.55 -0.02 0.27 0.43 1.23
5¢05-6.25 -0.24 0.40 0.1 1.16
5.15-6.65 0.08 0.29 0.40 1.07
5.45-6,55 -0.0h 0.35 0.66 1.19
5.15-6.45 0.05 0.45 0.40 0.98
5¢35~6.65 0.09 .28 O.L4 1.18
4,95-6.25 -0.10 0.47 0.40 0.96
5.25-6.65 0.06 0.42 0.37 1.06
4,95-6.65 0.1k 0.34 Ok 0.97
5.25-6.65 0.02 0.27 0.38 1.09
L4,95-6.25 -0.09 0.29 0.40 0.84
5.55-6.85 0.19 0.30 0.42 1.05
5.15-6.55 0.13 0.37 O.Lh 0.95
5.55-6.85 0.21 0.32 0.321 0.98

Raw
a

* . *

*

0
ENNONEOW NI OO~ 00 £
OO OWOVNON HNONIN NN N AN

NN NI NN 00N 00N 00 Co~I~I N1~
L]

Annual
Cumulative a values

Corrected

a
C

L] * L[] » . . » L]

*

~3~] 0o~J OO\]\'}\J.OO'\] 00 00 00D ~I 00 Oo~J
DN OH KNI AN O 00N N0
OO ANONIUNINIO O NN OVWN AN

Nw

Number with
mbzlho using

a

2517
2546
3499
L4631
7970
2076
2921
9538
5000
10209
2962
2648
Lz50
3841
2355
7120
2802
L159

a
[+

7888
6331
9825
L4980
14648
7178

6228
10187
6672
13608
7208
2658
5422
7643
5988
823k
3455
ez
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FIGURE 2 Log10 $

Amplitude (Log=. ) frequency plots for two operational periods of NORSAR
(NAO,NB2) andl;he United Kingdom arrays EKA, GBA and WRA. Curves
are fitted using the method of Kelly and Lacoss (6) and parameters defining
the curves are given in table 1.
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Amplitude (Log A) frequency plots for the VELA arrays BMO, CPO, TFO, UBO,
WMO for the year 1966. Dotted curve is fitted using the method of Kelly and
Lacoss (6) while the line is a straight linear fit to the assumed linear section
using the Page (10) formula. Associated parameters defining the curves and
lines are given in table 1.
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FIGURE #4(a)

Amplitude (Logé) frequency plots for 44 stations contributing over 1000 amplitude
readings. Fits to the linear sections (as defined by the length of the lines) are by
the method of Bender (11). Full details of the results for the full set of stations
considered are given in table 2.
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Histogram of the distribution of b values based on ISC data for 88 stations.
Shaded section is for 44 b values based on 1000 amplitudes or more.
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FIGURE 7

95% confidence limits as a function of sample size on b values inferred from
simulation studies on data with a population b value of 1.0. Results are shown
for data from within a short (1.1 m, ) and larger (2.5 m_) magnitude range and
also the result predicted by Aki (14) which assumes no Upper bound on magnitude.
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